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Work done by systems with one-sided supports, point-type and continuous, is 
considered In the case of discrete supports the problem is reduced to solving 
a system of differential equations with initial conditions, and in the case of 
an elastic support the problem reduces to solving linear equations with variab- 
le coefficients and the same boundary conditions as in the initial problem. 

1. P o i n t s u p p o r t s. A method is given for determining the reactions for 
the case of one-sided point supports. 

If we denote by zi the reaction in the i-th support and by Y the distance 
between the body and the i-th support (which can be always assumed positive), then 
the problem reduces to solving a system of n differential equations 

A.7 + Bij + i- = 0 (1.1) 

with 2n unknown xi and yi , under the conditions that xi > 0 when yi = 0 and 
yi > 0 when xi = 0 (the solution must lie on at least one of the coordinate semi- 
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axes). In the real technical problems the 

properties of the matrices I A and B are 

such that a solution exists and is unique. 
First we perform a change of variables 

xi = trui + @ci, yi = YU~ + 6Vi, where- 
upon the system reduces to the form 

Cti+OZ+TL=O (1.2) 

with the conditions that c6rr.i + BVi > 0 

when vui + 6vi = 0 and yui+ 6vi Z 0 and 

CC1r.i + BVi = 0. From the geometrical 

point of view this means that the solution 

must lie on two rays, i. e. in a phase space, 
on a surface formed by two planes. Analy- 
tically it means that the solution is sought 

on the surface u ET(T). 

To obtain a solution in practice, we 

surfaces depending on the parameter 

u = T (k, 7) (1.3) 

ii 30 F (k,, F) z 7 (v), when JZ = k, and is transformed into 
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when k = k, . Function ii must havecontinuous partial derivatives with respect 

to all its arguments, and this can be achieved by rounding slightly the angle shown in 

the Fig. 1. 
substituting (1.4) into (1.2), we can obtain pi and di = ao;. Let us suppose 

that a solution of the system is known for some value of the parameter k . Let us 

determine this solution for k + dh. Using (1.2) we obtain 

Crj (k + dk, Z + dF) _1- D (T + dSi) + ; = C+ (k, ti) -1 

a6 (k, 3 _ 
aU du +D(Z+dE)+ii-t... 1 

where repeated dots denote the higher order terms equal to Cvk (k, Z)dk + [CT;_’ (k, 5) 

$D]dT+4Bn=O . Passing to the limit, we obtain the following system of non- 
linear differential equations: 

[CT; (k, E) + D] $ + C@, (k, 5) = 0 

The value of ii is known for Ii = k, . We seek a solution Z~ of this system for 
k = k, if, on integrating this system over the interval [kl, kJ the matrix E = Cqv 

(k, V) i- D never vanishes, then a solution exists and is unique when the usual constra- 
ints (such as Lipschitz conditions, etc.) are imposed on the system. The value of d, 

can then be found from (1.3), namely 6, = i$ (k2, F2). Returning now to the variab- 

les ,Z and 9, we obtain the solution of the system. 

2. Beam on an’elastic support. Equation of equilibrium of a beam 
resting on an elastic, one-sided support, can be written in the form d% I dx4 + f (y) 

= 0 where y denotes the beam displacement and function f (1~) is depicted in Fig. 
1. The problem here is that of satisfying numerous boundary conditions. To do this 

we include the function f (y) in the family of functions F (cp, y)which depends on the 

parameter cp , in such a manner that the value cp = cpi yields a linear relationship 
F (vi, Y) 3 ky and cp = (P* a given function f (Y), i.e. F (cpn, y) f f (ly). 

The function F (cp, Y) must have continuous first order partial derivatives with 
respect to its arguments. It can be constructed by various methods when the corner 
in the neighborhood of the zero is rounded a little, which is of little practical signifi- 
cance. 

If a solution of the problem a4Y (cp, 2) / ax4 i- F (cp, X) = 0 is known for some value 
of the parameter % then changing the latter by dq results in change in the value 

of the ordinate by dyr The resulting relation is 

awh cp + dv) 
a24 + F (CP + dv, Y + dy) = 

a5Y (X,CP) do I 
axaacp 1 

aF (CP, Y) aF (CP, Y) 
acp ‘9 + ay dy=O 



802 G. I. Iakovlev 

and the above partial differential equation can be solved by the method of straight 
lines. 

Having specified a set of values for the parameter 9 = VI* %$ . . ., %, we 
can find the corresponding functions yr (CC), ys (z), . . ., yn (z) from the equations 

d4% 
L - ky, = 0 dX4 

r a”yz 
3x4 - z + P, (91, yl)] (~2 - cpd f F, (%q ~1) (~2 - YI) = 0 

SY,, @Y,-l 

as4- axa - + F, (Q1’ Y,_l) 
3 

(cp,-cp,-1) + F, @*-I~ yn-1) (yn - yn-1) = O 

The above equations are all linear and contain a variable coefficient in the right 
hand side. They must be solved using the same boundary conditions throughout. Since 
we deal here with small differences, they should be calculated directly, i.e. the 
system is best written in the following form: 

d4Yl 
x + k/l = 0, Yk+l = Yk + AY, 

d4 (AYk) 
~+F,(‘Pk’Yk)AYk=-F~((Pk’Yk)((Pk+l-~k)’ k=l,&...,n--1 

Thus we reduced the solution of a nonlinear equation to solving several linear eq- 
uations with the same boundary conditions. in physical terms this means that the prob- 

lem of a beam on a one-sided support has been reduced to the problem of a beam on 

a two-sided support of variable stiffness the solution of which is already known. 

Translated by L.K. 


